Abstract. We use expansion-normalised variables to investigate the Bianchi type VII 0 model with a tilted γ-law perfect fluid. We emphasize the late-time asymptotic dynamical behaviour of the models and determine their asymptotic states. Unlike the other Bianchi models of solvable type, the type VII 0 state space is unbounded. Consequently we show that, for a general non-inflationary perfect fluid, one of the curvature variables diverges at late times, which implies that the type VII 0 model is not asymptotically self-similar to the future. Regarding the tilt velocity, we show that for fluids with γ < 4/3 (which includes the important case of dust, γ = 1) the tilt velocity tends to zero at late times, while for a radiation fluid, γ = 4/3, the fluid is tilted and its vorticity is dynamically significant at late times. For fluids stiffer than radiation (γ > 4/3), the future asymptotic state is an extremely tilted spacetime with vorticity.
Introduction
Much progess has been made recently in understanding spatially homogeneous (SH) cosmologies containing a perfect fluid with an equation of state p = (γ − 1)ρ, where γ is a constant. For the SH cosmologies known as the Bianchi models, the universe is foliated into space-like hypersurfaces (defined by the group orbits of the respective model) and the Einstein equations describe the evolution of these hypersurfaces [1, 2, 3, 4, 5, 6] . For these models there are two naturally defined time-like vectors: the unit vector field, n µ , normal to the group orbits, and the four-velocity, u µ , of the perfect fluid. When analysing the Bianchi models it is common to utilize n µ as the preferred timelike vector field in the formalism, while the fluid velocity u µ may or may not be aligned with n µ . If u µ is not aligned with n µ , the model is called tilted, and non-tilted (or orthogonal) otherwise [7] . All of the non-tilted Bianchi models, except for the type IX model 1 , have been studied in detail (see e.g., [2, 10] ). For tilted Bianchi models the picture is less complete; the type II model was studied in [11] , the type V model in [12, 13, 14, 15, 16] , type VI 0 in [17, 18] , types IV and VII h in [19, 20] , a subset of the type VI h models in [19] , and irrotational type VII 0 models were studied in [19] . In this paper we will use a dynamical systems approach and investigate the tilted type VII 0 models.
In the class of spatially homogeneous Bianchi models the type VII 0 model is a special, and particularly interesting, case. For Bianchi models containing a nontilted perfect fluid, it was shown that the type VII 0 model experiences a selfsimilarity breaking at late times [21, 22] (see also [23, 24] ). The irrotational models Date: February 7, 2008. 1 However, see for example [8, 9] . show the same behaviour [19] . The reason for this self-similarity breaking is because one of the curvature variables grows unbounded, which leads to an oscillation of the shear and the curvature variables with a frequency increasing with time. We will see that the same behaviour occurs for the fully tilted type VII 0 models; however, in this case there are two oscillations with different frequencies (one in the shear and curvature variables, and the other in the tilt velocity).
The investigation of the type VII 0 model is important for several reasons. First, the type VII 0 model is the most general spatially homogeneous model allowing for the flat Friedmann-Robertson-Walker (FRW) model as a special case (see Fig.1 ). Both the Bianchi type I model and the VII 0 generalise the flat FRW model; however, since the Bianchi type I perfect fluid model does not allow for tilt, only the Bianchi type VII 0 model can be used to investigate the effect of tilt on the evolution of the universe close to flatness. In addition, the type VII 0 model plays an important role in the Bianchi hierarchy (depicted in Fig.2 ). The higher up in the hierarchy, the more free parameters the model contains and thus the more 'general' they are. Fig. 2 also shows the possible limits (solid arrows) of the various Lie algebras. For example, the type VII 0 is a special limit of both the 'most general' type VIII and type IX models. In order to understand a particular Bianchi model, a complete understanding of all its descendants at the lower levels is needed. This implies that an understanding of the type VII 0 model is necessary for a full understanding of the two general semi-simple models (i.e., the type VIII and IX models).
Equations of motion for the tilted VII 0 model
The Bianchi type VII 0 model has the Lie algebra of Killing vectors given by:
This Lie algebra is solvable and in [19] a formalism for studying the tilted solvable Bianchi models was given. In this paper we will use this formalism to study the Bianchi type VII 0 model with full tilt.
In the dynamical systems approach we introduce expansion-normalised shear variables (bold variables are complex variables) (Σ + , Σ × , Σ 1 ) and the curvature variables (A,N , N × ). More specifically, N a a = 2 √ 3N while N × consists of the trace-free part of N ab . Moreover, for the type VII 0 model, A = 0. Regarding the fluid, Ω is the expansion-normalised energy density and the tilt velocity is given by one real and one complex variable, v 1 and v = v 2 + iv 3 . We note that the fluid in the Class A models has non-zero vorticity if and only if N ab v a = 0 [7] , which implies that the type VII 0 model has vorticity 2 if and only if v = 0. It is also necessary to introduce the dimensionless time variable, τ , defined by
where t is the cosmological time and H is the Hubble scalar.
The equations of motion in [19] are given in terms of an arbitrary gauge function φ. In terms of the above variables, the gauge transformation is given by
Several different gauges were proposed and discussed (including their advantages and disadvantages). In this paper we will adopt the 'F-gauge' for which φ ′ = 0. This still leaves us with an unspecified constant gauge freedom. The system of equations will therefore contain one more variable than the number of physical degrees of freedom. The physical properties of the system can be extracted by considering gauge independent quantites such as, for example, Σ × N * × and N * × v 2 .
2 From [11] (see Appendix C), the fluid vorticity Wa of the Bianchi VII 0 model (components with respect to the G 3 -adapted frame) is given by
where the upper case subscripts run from 2 to 3, and
In the 'F-gauge' (φ ′ = 0) the equations of motion are:
The equations for the fluid are
where
These variables are subject to the constraints
The parameter γ will be assumed to be in the interval γ ∈ (0, 2). The generalised Friedmann equation, eq.(13), yields an expression which effectively determines the energy density Ω. The state vector will therefore be considered to be (14) and (15) . Thus the real dimension of the dynamical system is eight of which one is the remaining gauge freedom; i.e., the dimension of the physical state space is seven.
The dynamical system is invariant under the following discrete symmetries:
These discrete symmetries imply that without loss of generality we can restrict the variablesN ≥ 0 and v 1 ≥ 0. 3 We also note that the free parameter u in φ 2 is, in fact, the remaining gauge transformation.
2.1. Invariant Subspaces. In this analysis we will be concerned with the following invariant sets:
The set of fixed points of φ 2 (without loss of generality we can set u = 1) defined by We note that the closure of the set T (V II 0 ) is given by:
Morever, in T (V II 0 ) we have the bounds
hence, all variables are bounded except forN (which can become arbitrary large).
Monotonic functions.
There are three monotonic functions which are useful for our analysis:
We note that (by the same trick as in [19] )
Thus Z 1 is monotonically increasing in T (V II 0 ) for γ ≤ 14/15.
3 There is a sublety regarding this choice since, in general, v 1 = 0 is not an invariant subspace.
The state space can be considered an orbifold with a mirror symmetry at v 1 = 0; in particular, this means that any equilibrium point in the region v 1 > 0 has an analogous equilibrium point in the region v 1 < 0.
Z 2 is monotonically increasing for the following subspaces: 4 T 1 (V II 0 ) for 0 < γ < 2, and T (V II 0 ) for 0 < γ ≤ 6/5.
Qualitative analysis
The above monotonic functions allow us to obtain some results regarding the asymptotic behaviour of Bianchi type VII 0 universes: Proof. For 0 < γ ≤ 14/15 we can use the monotonic function Z 1 , which immediately gives the desired result. For 2/3 < γ < 6/5, and using the monotonic function Z 3 , we getN |v| 2 + Re(N * × v 2 ) → 0. Moreover, using Z 2 , we getN → ∞ and hence |v| → 0. This implies that the solution asymptotically approaches the invariant subspace T 1 (V II 0 ). The T 1 (V II 0 ) analysis [19] can now be applied which shows that v 1 → 0. The theorem now follows.
In fact, we believe that the type VII 0 models are asymptotically non-tilted for 0 < γ < 4/3; however, this is not covered by this theorem.
Another important observation is the divergence of the variableN at late times. In fact, we firmly believe that:
For a non-inflationary perfect fluid (2/3 < γ < 2) and any initial condition in T (V II 0 ) with V < 1 and Ω > 0, we have that
There are several results that support this conjecture. First, use of the monotonic function Z 2 immediately establishes this result for T 1 (V II 0 ) and for 2/3 < γ < 6/5 with general tilt (which includes the important case γ = 1). Moreover, using Z 3
we have that for 6/5 < γ,N → ∞ or V → 1. Second, a "local analysis" shows that the conjecture is true locally. And third, in our numerical analysis no other behaviour has been seen. In Appendix C some of the numerical plots are presented; in particular, we see that M ≡ 1/N → 0 for various values of γ.
3.1. Equilibrium points.
B(I): equilibrium points of Bianchi type I.
(1)
The remaining equilibrium points of type I are all in ∂T (I).
T (II): equilibrium points of Bianchi type II.
All of the equilibrium points in the set T (II) are unstable. They are all given in [20] (in 'F-gauge').
3.1.3. T (V II 0 ): equilibrium points of Bianchi type VII 0 . Using the monotonic functions Z 3 and Z 2 , it is possible to show that there are no equilibrium points in T (V II 0 ), apart from the following:
with the tilt velocities given by:
. This is an attracting set (for γ = 2/3).
All of the equilibrium points in T (V II 0 ), including the ones in the sets T (II), B(I), ∂T (I), can be shown to be unstable into the future for 2/3 < γ < 2.
Late time analysis.
For the type VII 0 model it is convenient to solve constraint (15) to obtain an expression for Σ 1 :
In the following we will introduce the variable
In light of conjecture 3.2, we have that M → 0. In particular,
where B is a bounded (complex) function.
Due to the oscillatory behaviour of the system, we introduce the following variables
The angular variables ψ and θ are introduced to take care of the rapid oscillation as M → 0. We note that the variables ψ and θ are not in synchronization since v 1 < 1. Hence, in general, we expect two different oscillations with different frequencies. The equation of motions for these variables are given in Appendix A. In this case we can explicitly see how the oscillatory terms enter into the equations of motion. Moreover, we note that both of these rapid oscillations are observable; e.g., by considering the scalars:
3.3. Reduced System. The idea is that as M → 0 at late times, the system of equations effectively reduces to a much simpler system of equations. In Appendix A the idea behind this reduction is explained in more detail; by introducing new variables this reduction of the full system is manifest as M → 0. This method was also used in the previous analyses of the type VII 0 model [21, 22, 19] with success. Moreover, in Appendix B a linear analysis is given to put bounds on solutions of the reduced system with respect to the full system. Therefore we assume that M → 0, which implies that Σ 1 → 0. Consequently, from above we have that all oscillatory terms effectively cancel. Defining
the system given by eqs.(83-89) effectively reduces to the following system:
These variables are subject to the constraint
Furthermore, σ 2 is determined from
which gives the bound
Using the constraint (39) we can solve for σ 1 or Ω.
3.3.1. Monotonic functions for the reduced system. By the same trick as in Appendix A, monotonic functions of the reduced system will at sufficiently late times also be monotonic for the full system. It is therefore useful to list some of the monotonic functions for the reduced system.
which is monotonically increasing for 2/3 < γ < 4/3 if v = 0, and for 2/3 < γ < 2 if v = 0.
which is monotonically decreasing or increasing for γ < 4/3 and γ > 4/3, respectively.
which is monotonically increasing for γ ≤ 4/3.
3.3.2.
Equilibrium points for the reduced system.
Eigenvalues:
5γ−4 , 4/3 < γ < 2. Eigenvalues:
, Ω = 
.
, Proof. From the monotonic function Z 3 we have that V → 1 orN → ∞. First, we assume thatN → ∞. At sufficiently late times we can then use the reduced system. For v 1 = 0, we use the function R 2 which is monotonically increasing at sufficiently late times. This shows that V → 1. We assume, therefore, that v 1 = 0. For v 1 = 0 there is a monotonic function given by
Late time behaviour
which again implies V → 1. The theorem now follows.
As summarized in Table 1 , the tilt becomes extreme only in the case 4 3 < γ < 2 for fluid with vorticity. In the case of zero vorticity, a very different tilt behaviour is observed; namely, the tilt tends to a non-extreme limit, as described by the equilibrium point P 2 [19, 25] . (1) lim τ →∞ (Σ + , V, σ 1 ) = (0, 0, 0) for 2/3 < γ < 4/3, (2) lim τ →∞ Σ + = 0 for γ = 4/3.
Proof. Use R 3 . . By assuming an ansatz with coefficients and exponents to be determined, we obtain the decay rates when 2 3 < γ < 4 3 as follows:
Decay rates for the case
The angular variables are given asymptotically by: The meaning of the bifurcation value γ = 10/9 is more clear if we calculate the fluid vorticity; in particular, to leading order we have:
We note that the bifurcation values for the vorticity and tilt at γ = 10/9 and γ = 4/3, respectively, coincide with with the values found in [26] .
The Hubble-normalised Weyl scalars W 1 and W 2 , defined by
evolve as
where 0 ≤v 1 ≤σ 1 γ ,M is the constant from the variable M , and ψ 2 is defined by S 1 = |S 1 |e 2iψ2 . The angular variable ψ 2 is related asymptotically to the variable ψ via ψ 2 ≈ 2ψ + ψ 0 , where ψ 0 is a constant.
We note that the first term in (42) is dominant, and the second term is included to display the constantΣ + . The Weyl scalars diverge for 1 ≤ γ < 4 3 . In the case γ = 1, the magnitude of the Weyl scalars are asymptotically constant.
The decay rates are verified by numerical simulations.
4.2.
Decay rates for the radiation case: γ = 
with the bound
In view of the limit P 3 , we assume the ansatz
(57)
(58)
where k, the hatted and the barred variables are constants. The ansatz is substituted into the evolution equations and terms with equal power are matched. We determine the following constants:
(64)
That there are two solutions for k means that the ansatz should have been extended to include two modes. The remaining arbitrary constants arev 1 ,v 2 and twoΣ +(±) 's. The bound (56) restrictsv 1 andv 2 as follows:
. We note that when the k ± are complex, the late-time approach is oscillatory.
The angular variables are given asymptotically by:
The Weyl scalars diverge as
whereM is the constant from M ≈M e −τ , and ψ 2 is again defined by S 1 = |S 1 |e 2iψ2 .
4.3.
Decay rates for the case 4 3 < γ < 2.
and Σ + , σ 1 , v 1 and v 2 have the form (72)
The actual expressions for the constants are not important. The free constants arê
where 0 ≤v 1 ≤ 1 3 .
Discussion
We have analysed the asymptotic dynamical behaviour of the tilted Bianchi type VII 0 model at late times. The analytical results are supported by numerical calculations (which are discussed in Appendix C). A summary of the late time asymptotic behaviour of the tilted Bianchi type VII 0 model is given in Table 1 . The attractors all refer to the reduced system, which is valid in the limit M = 1/N → 0. A striking feature of the type VII 0 model is the behaviour of the Weyl tensor. For 1 < γ, the expansion-normalised Weyl scalars W 1 and W 2 are unbounded into the future. In the terminology of [27] , the model is said to be extremely Weyl dominant at late times. Note that the (non-expansion-normalised) Weyl invariants actually decay at late times; e.g., for γ ≥ 4/3 Table 1 . The late-time behaviour of the VII 0 Bianchi model with a tilted γ-law perfect fluid (see the text for details and references). The comments refer to the late-time asymptotics, and for all cases N → ∞. The case 0 < γ < 2/3 is covered by the no-hair theorem (the non-tilted version is given in [31] , the tilted version in [19] ). The value γ = 2/3 is a bifurcation value for whichN → constant.
The general tilted type VIII model, which shares many of the features of the Bianchi type VII 0 model with a tilted fluid studied here, is currently under investigation. In order to complete the analysis of the late-time behaviour of tilted Bianchi models, it then remains to study the Bianchi type VI h models
5
. We have focused on the late-time behaviour of the tilted Bianchi type VII 0 model. However, since the Bianchi type VII 0 model has type II as part of its boundary, it is plausible that the tilted type VII 0 model is chaotic [30] at early times close to the initial singularity.
In this paper we have utilized a formalism adapted to the timelike geodesics orthogonal to the hypersurfaces defined by the type VII 0 group action. We note that if we consider the integral
which corresponds to the proper time of an observer from τ = τ 0 to τ = ∞ following the fluid congurence, there is a change of behaviour at γ = 8/5. For models with γ < 8/5, we find that this integral diverges. However, for fluids with γ > 8/5, we find that this integral is finite. Since asymptotically at late times a fluid with γ > 8/5 will be extremely tilted, this means that the fluid will reach future null infinity in finite proper time. So in spite of the fact that these spacetimes are future geodesically complete [32] , the world-lines defined by the fluid congruences seem to approach the boundary so quickly that they reach null infinity within finite proper time as measured by the fluid. A similiar phenomenon occurs for the LRS type V model with γ > 4/3 [14] . The physical interpretation of these models is extremely 5 We should stress that some results regarding the stability of certain solutions are already known [28, 19, 29] .
complicated. To fully understand this behaviour we need to study the dynamics using a formulation adapted to the fluid (i.e., a fluid-comoving viewpoint). We shall return to this in future work.
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Appendix A. New variables
Let us introduce the following variables
From the remaining freedom we have in choosing the variables and the gauge function we can, for example, choose the initial values for X and Y to both be real. In any case, objects like |X| 2 and |Y| 2 are gauge-independent and are consequently independent of any such choice. We also define M ≡ 1/N .
We can also split V 2 S and T into oscillatory, and non-oscillatory parts:
A.1. Assuming M → 0. Let us assume that M → 0 in the following. To investigate the asymptotic dynamics we choose a new set of variables. If x is a generic variable, we definex as:
where f and g are bounded functions of the state space variables. If the equation of motion for x is
we obtainx
where B is a bounded function into the future. The trick now is to choose the functions f and g in order to get rid of the oscillatory terms and write the system in the following form:x ′ =Fx +Ĝ +MB, (98) where the functionB is bounded to the future. For the variableM , we choose the following form:M
get a matrix equation of the form
Here, the matrix S(θ, ψ) and the vector P(θ, ψ) contains the oscillating terms that need to be estimated.
This linearised equation has the formal solution
In order to estimate the contribution from the oscillating terms we need the following result:
Lemma B.1. Consider the integral
Then there exists a constant D such that for every t 1 and t 2 satisfying
we have
Proof. We introduce the variable z = e ρt so that the integral can be written
Considering z as a complex variable, we notice that the integrand only has (at most) a singularity at z = 0. Hence, the integrand will be analytic in the entire half-plane Re(z) > 0. By choosing a suitable closed path we can rewrite I as:
These two integrals can be estimated:
Since λ < ρ the factor (z
is monotonically decreasing for y > 0; hence,
Thus we have
which proves the Lemma.
Consider first the linearised M equation with respect to the future stable points of the reduced equation. We assume that M → 0, and by a similar complex integration we get
Hence, asymptotically, M ∝ e −ρt . The matrix S(θ, ψ) contains oscillating terms like e iα , where α is a linear combination of θ and ψ. Using the equation for θ and ψ, and the leading order approximation for M , we obtain
Let us expand X (and P) in terms of a sum of eigenvectors X λ of L; i.e.
The solution can now be estimated:
This result shows that the deviation from the solution of the reduced system is of the order of M . Hence, since M → 0, the linearised solution will asymptotically approach the solution of the reduced system.
Appendix C. Numerical analysis
Numerical calculations can be used to both confirm and clarify the analytical calculations found in the bulk of the paper. We have chosen to use the new variables found in Appendix A, in which the oscillatory part of the system of differential equations can essentially be isolated from the non-oscillatory part through the introduction of the variables ψ and θ. Equations (81)-(89) (minus equation (87)) were numerically integrated using the 'ODE23t' ODE solver in Matlab with an Absolute Tolerance of 10 −6 and a Relative Error of 10 −6 . The constraint equation (92) was used to determine if and when the numerical calculations broke down.
Many different sets of initial conditions were tested to confirm the results of the analytical calculations. We observed that M → 0 in every numerical run for values of 2/3 < γ < 2. We also observed that the final asymptotic state obtained in the numerical calculations confirmed what was found in the analytical calculations. In Figures 3-7 , we show some of the numerical runs for different representative values of γ. The value γ = 19/15 is chosen since it represents a typical value between the 'special' value of γ = 6/5 and the bifurcation value γ = 4/3. Figure 6 . Plots of M , Σ + , v 1 and |X| 2 for γ = 5/3, illustrating the rate at which M tends to zero. Note how the variables v 1 and |X| 2 do not approach a unique value. Also notice the oscillatory behavior and how it dampens. 
